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POSSIBILITY OF SURVEYING ITALIAN EARTHQUAKES
BY MEANS QF A NETWORK OF STRONG MOTION ACCELEROGRAPHS

E. Iacecarino
CNEN, Safety and Control Division

1) Introduction /1%

The fundamental problem of seismic engineering is that of
obtaining starting data for the designing of structures. These
data are as follows: a) the maximum acceleration of the seism;
b) the response spectrum (accelerogram).

Strong motion accelerographs record the acceleration in
velocity of a seism and selismoscopes record the maximum ampli-
tude of a simple oscillator subJected to a seism; but this they
do only for the spot where they are installed. Three seismo~
scopes of different periods installed at the same place would
suffice for evaluation of the ground's response spectrum. Up
to the present time only a few accelerographs have been installed
in Italy; therefore, inasmuch as strong seisms are rare events,
not many have been recorded.

More abundant, on the other hand, is the informaticn about
earthquakes obtained by means of macroseismie observations or
seismographic recordings. All known Italian earthquakes have
been catalogued and classified according to the Mercalli intensity
scale (see Ref. 1). But this classification 1s purely subJective
and has no sclilentific foundation. It is based chiefly on evalua-
tion of damage to buildings and is therefore subject to different
Interpretations from zone to zone and cannot take into account
the evolution of building construction techniques over the
centuriles.

*Numbers in the margin indicate pagination in the foreign text.



What data are available have beén.utilized to develop
some empirical correlations among Intensity, magnitude and
acceleration. OFf thesé, the relation of Cancani Sleberg is
the one that has up to now permitted evaluation of the accelera- /2
tion in ground motion by means of macroselsmic intensity. Unfor-
tunately, the selsmographic stations that went into operation at
the turn of the century and that permlitted the above-mentioned
correlation to be developed, utllized apparatus whose measure-
ments do not appear very reliable in thils day and age. It has
only been in the last decade that some statlons have put into
operation more perfected seilsmographs. But 1t must be borne
in mind that seismographic statlons are designed and put into
operation by geophysicists, who are principally interested in
studying the earth (localization of epicenters and hypocenters,
study of the discontinuity of the earth's crust, etc.) and do
not take into account the problems of seismic engineering. The
fact is that the Instruments utlilized in seismographic stations
are not suitable for high-~intensity earthquakes because they
Jump the scale if subjected to rather violent shocks. Further-
more, the geophysilcist, concerned as he is That local ground
conditions should not appreclably modify the selsmogram, tends
to 1nstall his apparatus on rocky ground of such a nature that
what is picked up is chiefly earthquakes coming from far away.
Seismic engineering, on the other hand, cannot leave out of
consideration local ground conditions or whatever else may
influence the value of the local acceleration produced by the
seism. The correlation of Cancani Sieberg therefore appears to
be of little use for engineering problems; nor - is 1t convenient
to modify it with the data furnished by modern staticns that
have recently gone into operation.

On the other hand, the situation in the United States 1s
different. In California an extensive network of sftrong motion
accelerographs designed especially for engilneering purposes has



been in operation for some time. Therefore it was possible not
only to formulate more reliable.corrélations between Intensity
and acceleration, especially for high-intensity earthquakes; but
studies in depth were also developed to evaluate the local influ- /3
ence of the ground. It turns out that the result of statistical
analysis of California earthquakes has shown that the maximum
acceleration corresponding to a given intensity, so far from
being unequivocal, varies sharply from place to place. Further-
more, it is not even possible to say of two earthquakes of the
same nature -- for example, the same magnitude and the same
intensity, the same hypocentral depth —-- that the distribution

of the accelerations in the affected zones is the same. Hence
these studies have disclosed all the parameters that, for a given
earthquake intensity, influence the local value of the accelera-
tion. Not only this; from the accelerograms available for actual
cases it has even been possible to formulate criteria for the
evaluation of the response spectra of a determinate site.

It is clear that the results of the Californla studies can-
not be extended a priori to other parts of the globe and so not
to Italy, either. In Italy, however, such studles are often
resorted to for engineering purposes, especially if one is
obliged to carry out precautionary evaluations of the design
parameters of a structure whose collapse might entail rather
serious risks (for example, for nuclear plants).

It follows from all these considerations that in Italy, too,
it is necessary to install a network of strong motion accelero-
graphs, designed especially for engineering purposes and in such
a manner as to furnish a sufficient number of accelerograms in
the shortest time.

The purpose of the present study 1s to indicate the basic
data and the methodologles required to calculate what will be, in



a determinate periocd of time, the order of magnitude of the number
of accelerograms that can be obtained with a network of accelero-
graphs installed 1in a country like Ifaly.

The study was dlvlided into three parts:

a) In the first part, historical earthguakes of a giwven
eplcentral intensity are analyzed and a statistical analysis of
the areas surrounded by the isoselsmals of these esarthquakes is"[ﬁ
carried ocut;

b) In the second part, we present theoretical considerations
that make 1t possible to evaluate the probability of picking up
a seismic event by means of a regular mesh network of accelero-
graphs, and the number of accelercograms that can be cobtalned
each year;

¢) In the third part, finally, we present some practical
considerations about the installation of a network of accelero-
graphs on Itallan scoll.

2) Results of the Statistical Analysis of Areas /5

The gtatistical analysis of areas (see Appendix) was carried
out on H70 earthquakes of intensity VI or more that were experienced
in Italy in the period between 1893 and 1965. TFor these earth-
quakes it was possible to trace out the iscseismals and to evalu-
ate the areas delimited by each isoseismal in the zones struck
by the earthquake.

Thils analysis concerns the quest for the statistical law
of distribution of these areas that will furnish the necessary
data for evaluating the probabllity that an earthquake of degree
J at its epicenter will be felt in a determinate area as being
at least of degree 1, which is that of the isoseismal that sur-
rounds it. For this reason, the areas were subdivided into series
of homogeneous values Ajj, for each one of which the analysls was
carried out.

M



It was assumed that the lognormal disfribution is the law
that best fifs each series of values. Using lognormal probabil-
istic paper, therefore, it was possible to carry out a linear
Interpolation for each series by means of the least squares
method.

Fipure 1 of the Appendix shows the results of lnterpolation
of the data relating to areas of depree VI, corresponding to an
epicentral Intensity of degree VI. Thils evaluation was carried
out with the data for 253 earthquakes.

For the sake of convenience, in carrying out our calculations
we adopted a subscript £ that indicates progressively the order
of the 1soseismals that succeed one another in an earthquake,
starting from the eplcentral i1socseismal toward the most external
ocne, In particular, with t = 0 are indicated all the series
formed by the values of the first areas of earthquakes correspond- /6
ing to Intermediate intensity (VI-VII, VII-VIII, VIII-IX, etc.);
with £t = 1, all the series formed by the values of the first
areas of whole intensity (VI, VII, VIII, etec.)}; with t = 2, all
the series formed by the values of the second areas; with t = 3,
those formed by the values of the third areas, etc.

It should be specified that by the first area is meant the
area of the zone in which the seism is felf with the same
degree of epicentral intensity while by the second and third,
etc., areas are meant successlvely the areas included by the
second, third, etc. isoseismal.

The calculation results of the statistical analysis enabled
us to formulate the following hypotheses, checked by means of
analysis of variance:



1) It is possible to assume the same lognormal distribu-
tion for each serles of values. This means that the root-mean-
square deviation of each series is the same, or that on probabil+
istic paper, the lines representing the cumulative probability
function have the same slope.

2) The mean value of the areas 1s the same for all the
serles corresponding to a subscript t. That is to say, the
extension of the area of a seism that presents itself with a
determinate probability is independent of the epleentral inten-
sity but does depend on the position that it occupies with
respect to the epicentral intensity.

3) The ratio between the mean values of the flrst areas of
selsms of whole and Intermediate intensities (with subscripts t =
= 1land t = 2) is equal to 2.291.

4) The ratio between the mean values of two series of con-
secutive areas (i.e., with subscripts t + 1 and t) 1s always
equal to 2.291.

Denoting by Rij the radius of the circle equivalent to area
Aij, it turns out that the probability that an area of radius < R
will be found where a selsm of degree j will be felt %to be at /7
least of degree i will be:

2
R (109R -0.64933 - 0.18¢1-1))

P.’Rl =1,49343/ e 0.1428 g% (1)
0

where the subscripts 1, J and t are connected by the considerations

set forth above,

Inasmuch as the cumulative probabillity curves are parallel,
the serles with subseript t and those with subscript t + gz are
connected by the relation:
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R,,{lug R+0,182

=Plio
llgR{ (2)

Our hypotheses do not, however, permit us to say that ratio
At+1/At is statistically distributed about a mean value, but that
it is possible, in order to facilitate calculations, to use a
single probability curve (see PFig. 4 in the Appendix) and to
pass from one series to the other by means of relations (1) and

(2).

3. Probability of Picking up a Seismic Event and Number of ég
Accelerograms Obtainable Fach Year

The probability of picking up an earthquake as a shock of a
determinate degree by means of an apparatus sensitive to such a
shock, will be given by the product of the probability that the
epicenter will be located at such a distance from the instrument
as to be picked up, by the probability that the event will take

rlace.

To proceed to this calculation, we made the following
hypotheses:

a) On the ground where earthquakes can happen is installed
a network of accelerographs arranged at the vertices of a regular
lattice wilth square meshes of side &;

b) The accelerographs are adjusted for a threshold accelera-
tion value equal to 0.01 g and this acceleration corresponds to
a seism of degree VI

¢) The epicenters can be located indifferently at any point
of the ground where the devices are installed;

d) In the affected zone, the results of the statistics of
the areas discussed in the preceding sectlion are applicahble.

Let us consider a mesh of the network with side &, at the
vertices of which accelerometers S are placed. In order for an



earthquake affecting an area of radiﬁs'R to be picked up by
these devices, its epicenter will have to fall within the dashed
zone a; + a, of Fig. 1.

Generally, if pr 1s the probabllity of picking up an event
with such a network, we will have:

p, = (a; +a,)/2° (3)
and in particular: /10
| 2
TR . . 3
P.* "% ~ for . R=-L (
r | 12 N L . ' £ 2
2 - (5)
- TR 4a A 1 L .
< Pt fanga_-; 3 (1-2¢) .for- —~-SRs1}2/2 "
| o L (6)
P, = 1 . - for~ . lﬁ--R a‘-——-—-l zl 2
In (5) we have:
cosq « =i (7)
2R

Figure II shows the diagram of p. as a funetion of ratic R/%.
The probability of picking up a seism of degree j at least as a
shock of degree 1 will be given by the product of the probability
P, of picking up the event by the probability Pt that the event
will take place.

It follows from the preceding section that:

_ | dfn 6
P, * a8 (8)



where subscript t corresponds to the area of degree 1 of the i
seism of degree j at the epicenter.

The integral extend- /11

I ed to the entire range of
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the above-mentioned 470 earthquakes that were experienced as
degree j:
Fl - '1’1/470
(10)

The probability of plcking up the H70 earthquakes under con-
sideration at least as shocks of degree i will be:

" 33
P, = gp,, F (11)
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with 1-going from 1 to 13 as defined by the convention in the
Appendix and Ppg, which depends on the pair of subscripts 1
and j under consideration.

The probability of picking up the 470 earthquakes under
consideration by means of devices that can register at least
accelerations of 0.01 g will therefore be:

13
for J going from 1 to 13.

Multiplying this probabllity by the annual frequency of
earthquakes M, we willl get the number of selsms MPyy that it
will be possible to pick up each year by means of an accelero-
graph network with square .meshes of side 2.

This calculation method was adopted for a network with /12
regular meshes of side &, which was made to vary from 0 to 100 km.

Table I shows for different values of & the probabllities
Prts Ppy Fj, Pry and the number M Pyp of earthquakes that can
be plcked up each year. It can be inferred from this table that
extrapolation of the statistical analysis to areas of high-
intensity earthquakes does not call into question the results
In spite of the imprecision of the values of Fy that correspond
to them. As a matter of fact, in view of the great extension of
the area of degree VI that is associated with them, the proba-
bility Ppt of picking them up is about 1 and the product Ppt Fy
does not alter the result very much.

As a function of side & of the mesh we plotted the values
of Ppt (Fig. IT1) and the products M Pyr (Fig. IV)Y, where ~ .

l[Translator's note: Figure IV is missing. ]
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M = 8.24286, as appears from the report of Ref. 1.

We can infer from Fig. IV that an accelerograph network
having a side of 30 km would permit the picking up of only 2.6
earthquakes each year.

When area Ajj reaches an extension for which Rij is greater
than &/2, it is probable that the seism will be picked up by
more than one device; for this reason the number of accelero-
grams that can be obtalned each year will be greater than the
number of earthquakes that can be picked up.

It can be seen from Fig. I that the a] and a» are areas
for which, 1f the epicenter of an earthquake of radius R should
fall within them, the event would be picked up once or twice,

respectively.

In general, denoting by ayx that part of the area £° for
which, if the epicenter affecting an area of radius R should
fall within it, the seism would be picked up k times, the
probability of picking up that earthquake k times will be ak/lz.

The number of accelerograms that can be obtained will be
given by the summation of the products of these probabilities
by the number of accelerograms for each area ay.

[Note: Page 13 is missing from original.]

with J going from degree i to XII; it will be recalled that in = /14
[17] subscript t corresponds to the pair of subscripts 1 and j
under consideration.

For a value of 1 correspondlng to degree VI we wlll have the
number of accelerograms obtainable each year with a network of
side 1&.

13
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The number of recordings n; refers to the total number of
recordings obtainable as degree 1 and more inasmuch as the areas
under consilderation are those internal to each 1soseismal. The
number of effective accelerograms of degree 1 will thérefore be:

14



* 5 =N
n"n; bet (18)

This method 1s not applicable to seisms of a high degree
for which the period of years of observation is not enough to
determine the effective values of FJ; extrapolation of the
results of the statistical analysis to the areas would in fact
lead us to consider mean areas much greater than those that
were actually involved on the occasion of the few events that

were experienced in the period under consideration.

For these reasons the method we have been considering was
not applied to earthquakes above degree VIII-IX. For the latter,
the number of recordings was obtalned by simply dividing the
values of the areas affected by the earthquakes by 24 (the area
of the network mesh) and by 70 (the period of years under con-
sideration.

The results of all the calculatlions for different values of
L are shown in Table II.

Figure V is a semilogarithmic diagram showing the total
number of recordings &2 & function of side & of the mesh.

It can be seen from this figure that with an accelerograph
network with a side of 30 km we can expect to have an average
of 7.4 recordings per year.

4, Installatlon of ah Accelerdgraph Netwdrk on Tfalian Soil /15

The results obtalned in the preceding sections are based on
The theoretical hypothesls of uniform distribution of accelero-
graphs on the territory affected by the seisms. But the devices
require maintenance and pericdic check-ups, and it would therefore

15
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seem more expedient to install them in sites where the technieal
personnel versed In such matters 1s easily available (for
example, where there already exist industrial plants or other
supervised civil engineering works). Consequently, it will not
be possible for the seismographic network to be uniform; it will
be characterized by the location of the devices in preselected

sites.

Then again, installation of the network willl have to depend
on the position of the epicenters of the earthquakes, which are
not uniformly distributed over the entire area of Italian terri-
tory; as a matter of fact, the part of Italy most struck by
shocks of more than degree V in the period 1893-1965 is about
120,000 km? while it can be assumed that the greater part of
earthquakes 1s concentrated 1n an area of about 100,000 km2 (see
the report of Ref. 1 -- selsmic maps of Italy for the areas of
maximum intensity and for epicenters).

In such an area the dislocation [sic] of about 100 accelerographs
installed at a mean distance from one another of about 30 km
would make 1t possible, as we have already seen, to record about
2.5 earthquakes each year with about seven annual recordings.

A better result could be obtained 1f the 100 devices were
placed only in zones where seisms are experienced more frequently,
i.e., at a distance from one another that varies as a function of
the frequency of the events per unit area. Useful for this
purpose may be the flgures of Ref. 1, which reports for all of
Italy on the frequency of shocks for square areas of 36 km=2.

A thlrd consideration to be borne in mind for installation =~ /16
of the devices is that the preselected zones he amenable to
Industrial development or at least be earmarked for constructions
of some type.
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Indeed, 1installation of the network should in the first .
instance serve engineering purposes and should be able both to
furnish the information needed for the designing of construc-
tions that are better from the structural point of view and to
evaluate safety factors for the people living close to poten-—
tially dangerous industrial zones.

A final consideration that cannot be neglected is the
economlc aspect of the problem. For this purpose even approxi-
mate knowledge of the results that can be obtained with a uniform
network may be useful for evaluating the time within whiech an
operative network can furnish the engineering data underlying
any antlseismic project and hence for deducing correlations
between different earthquake parameters.

The investment of capital for the acquisition and instal-
lation of a certaln number of strong motlon accelerographs
may therefore entail advantages with respect to the future. In
fact, more extreme designing -- that is, with design parameters
(acceleration and response spectrum) closer to what is actually
experienced at the site -- can actually lead to savings in con-
struction inasmuch as most of the time the values that we are
now obliged to assign to design parameters are certainly too

prudential.

In making such economic evaluations, finally, it should be
borne i1n mind that additional information can be obtained by
combining each accelerograph with a certain number of seismo-
scopes, Which cost considerably less.

In conclusion, the designing of an accelerograph network ey

must take into account the followlng factors:

1) Choice of sites in terms of the availlabllity of main-

tenance personnel;
19



2) Location of the instruments in the vieinity of eplcentral

ZONnes ,

3} Installation of the devices near industrial development

zones or densely populated zones;

4) Definition of the number of devices on the basis of

economic evaluatlions.

The considerations set forth in the preceding paragraphs
can therefore be repeated with due regard for the effective
location of the accelerographs, and the number of events that
can be picked up, which is associated with the number of obtain-
able recordings, will be calculated in accordance with fthe same
criteria. “
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APPENDIX

~
[

Statistical Analysis of Areas

This analysls is based on study of 470 earthquakes of
degree VI or more experienced in Italy from 1893 to 1943 and
from 1947 to 1965 for which it was possible to trace out the
isoseismals.

The study was carried out on 1 : 600,000 topographic paper,
. and the areas surrounded by each isoseismal were calculated
planimetrically and expressed in cm? (1 em2 = 36 km2).

Denoting these areas by Aijs where 1 denotes the degree of
the 1soseismal that surrounds the area itself and j denotes the
degree of the seism at its eplicenter, we will have N sets of

nij dimensions,

Denoting by 1 degree VI, by 2 degree VI-VII ... by 13 degree
XITI, subscripts i and j will go from 1 to 13 and i will always
be less or at most equal to j inasmuch as the investigation was
limited to earthquakes of less than degree VI.

The areas taken into consideration are those of whole (and
odd) degree of any earthquake of degree j and the epicentral
areas of earthquakes of intermediate degree (i = j even).

The lognormal distribution is the one that best fits the
N sets of areas Ajj.

Setting X4 = log Aij’ the X173 sets were divided into
constant Interval classes 4x = (.04 and the number of observa-
tions vij belonging to each class was counted.

In the first column of Table 1 is shown the central value /20

of each class; 1In the last column, the extreme values of each
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single class 1n cm?2; and iIn the central columns, observations

Vij-.

The subdivision into classes of size 0.04 was kept constant
for values of x between -0.08 and 2.44; for classes less than
-0.08 difficulties of planimetric surveying led to irregularities
in the succession of the classes themselves whille for values of
x greater than 2.44, no table shows those classes for which vyj

turned out to be zero in every set.

Table 2 shows the values of Ajj expressed in cm? for earth-
quakes of degree J = 9, 10, 11, 12, 13 with v = 1, 1, 1, 0, 1.

TABLE 2.
- i3 ]
i = 1 3 {5 | 7| 9 [-10]11 |13 |
j=.0|470|200|146(35 | 4. -

j=10| 794 | 525|253 |58 13.4] 2,6

j=11]1508|225]115]34.4| 4,8 0.7

LT3
It

131740 | 290] 147 |'56.5| 25 14,4 3.8

Limitedly to the series shown in Table 1 we calculated the /21
mean value ¥jj of the logarithm of areas Ajj and of the root-
mean-sgquare deviation Sxy; @8 indicated in Table 3. In the last
column of Table 3 Rij represents the radius in km pf the circle
equivalent to the area corresponding to mean value xij'

The hypothesis that the areas have a lognormal distribution
is confirmed by graphs on lognormal probabilistic paper in which,
plotting on the abscissa the values of Aij and on the ordinate
the cumulative frequencies Fij that correspond to them in each
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TABLE 3.

83 Degrét | ny| S sk ss SSD s, | S | %W | P
iﬁ Exv ‘ =xly SS-%’ -ﬁ—?—?* ' '-S,‘r km
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IX-X | 4| 5.64| 7.9524| 871424 | 0,1800|0,0633|0,2517 | 14100 17.2
:|vmix |3 | o52| 00901 06624| 07723|0,3666)0,6218 01733 a1
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single seriles of data, we get as coordinate points (A133 Fij)
-- at least for values of F(x) between 0.15 and 0.85; in con-
formity with our hypothesis, they lie approximately on the
straight line F(x)}, no point falling outside of the fiduciary
limits.

Figure 1, for example, shows the graph on lognormal proba-
bllistic paper of the series with subscripts 1 = j = 1 for nyq =
= 253 data. The statistical series of recorded values of Xijs
frequency density f(x) and cumulative frequency curve F(x) that
can be deduced from it, yield a synthetic pilcture of what
happened in the period of years under conslideration; in any case
it would be arbitrary to draw from this picture inferences about
what 1s going to happen 1n the future or, more precisely, they
are indistinguishable from the probabilities that correspond to
them. In fact, the values of f15(x) and Fij(x) derived for an
assigned value of Xij of the avallable series of nij data only
represent a more or less rough estimate of probability density
p(xij) or cumulative probability P(xij) belonging to Xj5. and
we should expect them to vary when we go to another pericd of
years different from that to which the observations refer.

Analogously, the values of Xjj and SXij calculated for
each serles represent only the estimates that the exlisting
empirical series furnishes of mean value E(Xij) and of root—méan— ggg
square deviation c(xiJ), which characterize the probability
distribution of areas Arj. If by subscript t is denoted the
position of the area with respect to the epicentral area such
that by t = 1 1s indicated the eplcentral area of earthquakes
of whole degree i = 1, 3, 5, 7; by t = 2, the second area, i.e.,
the area for which L = j - 1; by t = 3, the third area, i.e.,
the area for which i = j - 2; and so forth until t = 6 for the
areas for which i = j - 5; if, finally, by t = 0 1s denoted the
eplcentral area of earthquakes of intermediate degree j = 2, 4, 6, 8§,

[}
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the series shown 1n Table 3 can be gathered into two groups in
which the area under consideration has the same position with
respect to the epicentral area. The group of epicentral areas
for § = 2, 4, 6,and 8 will be considered separately.

In each group mean values Eﬁj turn out to be quite constant
and -- at least for those series for which the data are more
abundant -- root-mean-squaredr—:‘v-'iz:'ttiionsin'j have values that do
not differ very much from one another.

In practice, 1t would seem that the distribution of the
areas of each group 1s the same for all the series that compose
the group itself; in other words, the distribution of the areas
about a mean value does not depend on the degree of intenslty
but on the position that the area under consideration occupiles
with respect to the eplcentral ares.

Thls hypothesis was checked by means of an analysis of
variance, whose results are shown in Tahle 4.

In accordance with the hypothesis set forth above, in Table 4
the new weighted means of the seven groups are denoted by Ef
with t golng from 0 to 6; by Ni 1s denoted the number of the
series that compose the group; by sxt, the root-mean-square
deviation of each group calculated by means of the following
equation:

N! ‘
Sh =23 (xu-‘u/‘- mi - Nt (1)

based on the deviations between the single elements xjj; and /23
thelr arithmetic mean Eij that can be found within each series;

b§ fﬁb’ s 1s dencoted the value calculated by means of the follow-
L

ing equation
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2 2

where 4 Nt .2 :
5;‘ = En“(fc;i; Xt)/ Ny —1
' (3)

and, finally, the value ll(jr]ﬁ) 1s given, which is the 95%

fractile of P ; U(f f}

=0,95 , where by f’*Nt . ang f‘ En;,o—Nt

332
are denoted the degrees of freedom of statistical functlongv .

e

This function depends only on the two values of the degrees of
freedom, and its probabillity distribution was studied and tabu-

T
lated for different combinations of the values assumed by fjﬁ_
N 2/ .
and,,Jg, » 80 that the values of If(bqug) corresponding to

: >
assigned values of probability }) vaf- are known.

2 St
Inasmuch as Vg,e5  .yields, according to convention, a

measure of the maximum value that might stl1ll be expected for

U?_ in case the N statistilical series should be derived from
populations distributed according to the same probabillity law
and characterized by one and the same value of the mean and of
the root-mean-square deviation and all the v < voss s We
can conclude that our hypothesis is fully acceptable.

Making the most of all the Information furnished by the data,
we assume as estimate of median £+ and of root-mean-square devia-
tlon g of the probability function Py(x) of group t, mean value
Xy and root-mean-square deviation_st calculated by means of the
followlng two equations:

%, ,"%:-:g“,,“ ."Emi (4)
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’ Ny n; '
S" | ?’?‘(w- \tVEn”-l (5)

The effectlive values of £ and g, may differ more or less sharply
from §£ and s¢, but by means of analysis of variance it is possible
to define the fidueciary limits within which they should fall.

In fact, if we indicate by the following equation

N - 2
'-[%nij](xl"gt) (6)

: 2 2
the ratic between the two different estimates 82 and St of o=,

it 1s distributed like v’gf;f?‘) with f =1 andf' gm,—l
1 1
degrees of freedom and, having derived value y Oif)
0,95

we c¢an ftherefore assume, 1n fiduciary terms, the following:
2 ) .2
; < :
V(L L)V £ Doss ()

Or even, knowing that in the’ particular case in which

-

ff.,' _]' the distribution of Uz(f‘-if;) refers to that of 2 with
Ja. degrees of freedom and
‘ ) .

tz = 0l gl“ (8)

the well known function from which I)it 1s known, we can

assume that t should have an absclute value less than |t0 025|
(or [tO 975|, inasmuch as the distribution of t is symmetric
with respect to zero), in which, as usual, by [t0.025[ ([tO.QTBI)
is denoted the value which, in the distribution of t for
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f =./;<= ?nu-] s 1s assumed by the fractile of P'll.' 0,025
(P%t!ro,s‘m \

Denoting value Ito 025| by the letter K we get as fiduciary

limits of £ the following values: /2

E'=%+Ks pg— (9 ana E"=Z- KS$ ye— (0
‘nq : ) ‘énﬂ

With an analogous criterion, finally, we can calculate the

fiduciary limits of c? and c% of 02.

In fact, since analysis of variance shows that 82/a2 is

distributed like x/f Swith = f,= Enll-] degrees of freedom,

by denoting by cg}¢)0025 and %// )0975the values of %/4

that for f = f, degrees of freedom turn out to be fractiles of

P}%‘i =0,025 and x/;‘- o, 975 , we can define a¥

Gn by means of the following relations:

a?-sf/(xyf)o,ozs (11) | &5.3_y( zyf) , (12)

0,975

with f= fl =

Mz

ruj—-l ﬁ degrees of freedom.

Probabillty functions [ﬂ 1 and I)xx% deflned by the

values xt and 8¢ represent each series of the t-th sample.

The two samples t = 1 and t = 0, while both representing
the eplcentral areas, havé different mean values; this differ-
ence may perhaps bé due to wuncertainty in defining the inter-
mediate degree.
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Table 5 shows the values of x; and sy that we found and the
fiduciary limits wihthin which must fall £ and o and radius ﬁt
of the circle equivalent to area Ay of mean value Ef. Flgure 2
- shows 1n cartesian ccordinates the values of ﬁé derived from
Xt, E' and &" for each value of t.

Plotting in cartesian coordinates (Fig. 3) points (t; X )
for t going from 1 to 6, we notice that the points are fairly
aligned and that the straight line interpolated between them
has the value 0.36 as its angular coeffiecient. Nor does point
(0; Eﬁ) stray from the interpolation line, as though it répre—
sented the next smallest area after the eplcentral area of the S /26

whole degrees,

These considerations led us to formulate the hypothesis
that the probability distributions of the t groups of areas have
the same root-mean-square deviation and mean values, which vary
in accorddnce with the following law:

This hypothesis was checked with analysis of variance, whose
results are shown in Table 6.

.

.
In this table, U denotes the calculated value of the ratio
2
of the two timat S d of a3 : . d t
e§ mates S¢ an Sxt a3 U(f; .,5)095 enotes the

2 e N o N
values of ¥° with j;--.Nt ] and f!"%nﬁ—N‘ degrees of
freedom corresponding to probability P\vz(f:f} —.__ 0.95

| "W 2s

The values of Sx¢ and sé can be derived from Eq. (1) and
the following equation

Ny - .
St =&y Ry- ii)/Nx- l (14)
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TABLE 5.

t 0 1 2 3 4 K 6
N, 4 4 4 3 3 2 Z
= 11y 17 389 77 136 31 29 1
5 76 388 76 135 30 28 6
I 1.992 | 1.968 | 1.992 | 1.977. | 2.082 | 2.048 2.'447
% |-0.0882 | 0.2156 | 0.7538 | 1. 0171 | 1. coss | 15103 | .8571
g 0.0098 .| 0.2727 | 0.8642 | 1.1068 | 1.5481 | 1.6994 | 2.0304
§, -'O.ZC;IF;Z. 0.1585 | 0.6434 | 0.9274 1. 2649 1.3ziz 1.6838
F); 026 0.7077 | 0.8641 | 0.7077 | 0.7757 | 0.5587 | 0.5467 | 0.2062
- 134210 | 11457 | 71.3421 | 1.2523 | 1.s660 | 1.5870 | 2.40§2
S 0.4759 | 0.5726 | 0.4863 0.5204 | 0.3862 | 0.4973.) 0.1874
o; | 0.5657 | 0.6160 | 0.5780 | 0.6091 | 0.5162 | 0.6725 | 0.4127
a; 0.4108 | 0.5350 | 0.4197 | 0.4731 0.3086 | 0.3947 | 0.1208
R, ':'1..103 3a | w0 | 1002 | 1700 | 1827 | 2872
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Series | TABLH 6. _
t ih i’ n, %, x; s:, s; 5, f, v’ -v;“
Z| Z| 46 (-0.1522 .
- {414 | 24 |-0.0283
'o 66| 3 [o0.1733
88 a4 |-0.1000
-0.92 | 0,22934521 | 0.16972756 | 3 13 T4 |2 74
I |2 253 |0.2025
313} 107 |0.2254
I{5{5 15 |o0.2853
77 14 {o0.3029
0.24 .32982857 | 0.15492015 3 385 47 | 2,63
12 46 [0.7313} d
314 | 24 |0.7617
256 3 }o0.8400
78| &« | o.s000
0.60 .24436712 | 0.65111703 3 73 66 | 2.74
I3 107 | 10049
315 15 | 10453 .
3
5] 7| 14 | 10857 |
0".96 .28373308 0.26922144 2 { 133 .85 ‘3.'07
!4 24 | t1.4017 .
3'6, 3 | 1.4400
|
5181 4« | r4a100
1.32 15963829 | 0.11789868 2 28 74 | 3.34
I|5] 15 | 14613
5 f 7| 14 | 15629 :
]
1. 68 .25367037 -| 0.90941909 | 1 27 58 | 421
116 3 | 1.8300
613 E 81 4 | 18400 !
__3 2,04 . 04160000 | 0.23680000 A 5 .69 | 6.61
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Inasmuch as all of the values of v’ are less than the

corresponding dias s We can conclude that our hypothesls is
fully acceptable.

As root-mean-square deviation of each series, we adopt the
value calculated with the following equation

6 N .
§ === 3 (x- X{) ..'s.._n.l | =0.2856 (15)

and for the mean value of each series of the t-th group, the
value calculated by means of Eg. (13).

In general, we will have: /27
*_(x.0,24-036(1-1))%
P { ¢ 2572 Ux (16)
V2rs |
m .
(17)

R.,

cvams <R[

Our hypothesis does not, however, permit us to say that
ratio At+l/At 1s statistically distributed around a mean value;
but, 1in order to facilitate calculations, it 1s possible to use
g single probability curve and to pass from one series to the
other by means of Egs. (16) and (17).

Finally, Inasmuch as Aij = "Rij’ where Rij denotes the radius
of the circle equivalent to area Aij’ and in passing to the
logarithms, the root-mean-square deviation referred to the
logarithms of radii SR is half of that referred to the logarithms
of the areas, we give the probability functions ag a function

of radius R expressed in km.
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Since Ei = 0,24; §%+l'“ E{ = 0.36 and s = 0.5345, we get
":'L = 4 16 km; ﬁ;:ﬂ —/'R'é = ¥2.291 = 1.5136 and sg = 0.2672.

In general, we can write:
!

P R:‘ 1 ’1('°9R-o.64933-o,1au-1})2
MUY Vans A ¢ “%h ﬁRi_ (18)

(19)

R.,I[logR+ 0,18 z ‘}.—. P ‘;ogR]

Figure 4 shows on lognormal probabilistic paper the cumula-
tive probability curve 11 R for equal and lesser values of R.
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